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THE TANGLED WEB THEY WEAVE

EXPLORING NEURAL NETWORKS WITH DIRECTED TOPOLOGY



The Tangled Web they Weave M. Bleher
Artificial Neural Networks
Multi-Layer Perceptron (MLP) Il_0
f:R* 5 RM — 5 RF1 L R™ / 0s
a®=zeXcR®
a® = U(W(E)a(l—l) 4 b(f)) c Rk« 0.0
o — activation function -05
W® — weight matrix \
b(z) — bias Il.o
Artificial Neural Networks and Mechanistic Interpretability 1/13




The Tangled Web they Weave M. Bleher

Artificial Neural Networks

Multi-Layer Perceptron (MLP) I
3

f:R* > RM — . 5 RF-1 5 R™ ® ® .
a® =zeXCcR" 1

a® = g(WOg=D 1 p®) ¢ R i

o — activation function -1

W — weight matrix i

b® - bias
-3

Artificial Neural Networks and Mechanistic Interpretability 113



The Tangled Web they Weave

M. Bleher

Mechanistic Interpretability

Neural networks learn to
e recognize features

Olah et al. (2017)
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Mechanistic Interpretability

Neural networks learn to
e recognize features

e and perform internal computations.

Windows (45:237) sy
excite the car detector gl

Olah et al. (2020)
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The Tangled Web they Weave

Mechanistic Interpretability

Neural networks learn to
e recognize features
e and perform internal computations.
Goal: Understand in terms of internal neuron activations
L—1

a(z) = (aV,...,aP)Ye M c RV, N = Zk@
=1

Olah et al. (2020)
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Mechanistic Interpretability

Neural networks learn to
e recognize features
e and perform internal computations.

Goal: Understand in terms of internal neuron activations
L—1

a(z) = (aV,...,aP)Ye M c RV, N = Zk@
=1

Feature Representations

e Distributed: Features span multiple neurons/layers

<tor | Thorpe's “Local Code” Example

i
Unit Code Activations. Meaning

....... White Circle’

Olah (2023) - informal note
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Mechanistic Interpretability

Neural networks learn to
e recognize features

e and perform internal computations.

Goal: Understand in terms of internal neuron activations
L—1
a(z) = (aV,...,aP)Ye M c RV, N = Zk@
=1
Feature Representations

e Distributed: Features span multiple neurons/layers
e Superposition: Neuron activation patterns overlap

<tor | Thorpe's “Local Code” Example

it
Unit Code Activations. Meaning
-0cceerAAAADEOEN

White Circle’

<"

80 Sparsity 90% sparsity

lor, Shape) sets

Olah et al. (2022)
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Mechanistic Interpretability

Neural networks learn to
e recognize features
e and perform internal computations.

Goal: Understand in terms of internal neuron activations

L—1
a(z) = (aV,...,aP)Ye M c RV, N = Zk@
=1

Feature Representations

e Distributed: Features span multiple neurons/layers
e Superposition: Neuron activation patterns overlap

e Polysemanticity: Individual neurons respond to
multiple unrelated concepts

<tor | Thorpe's “Local Code” Example
it

Unit Code Activations. Meaning
-0cceerAAAADEOEN

....... White Circle’

poly-
semantic
neuron

@ if @ circuit active

| Q OL@ e

& O neweons
é Q O else

maximal activating image patches

Z%ééﬁ@%g

maze &
hairy dog

hairy dog

maze

Dreyer et al. (2024)
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Mechanistic Interpretability

Task
Disentangle superpositions of distributed features that

activate polysemantic neurons.

Status quo: /CA, NMF, sparse autoencoders
— recover coordinate axes of the feature space.

Why (directed) topology?
“What fires together, wires together”
e coactivation — 'semantic neighbourhoods’
e distributed features — unions and intersections
e causality — directionality
® polysemantic neurons — context-dependent

——@®
—

o
il

Idea

Build (filtered) directed simplicial com-
plex that represents causal influence of
neurons on each other.
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Directed Simplicial Complexes from Neuron Activations

(X N\ 3\ 4 t=0 . 3\
N Ol
Xa B offe m
Xs Ho d
X3 . g - = YO
A m s
Xs 1 B [
N b, Y, _ Ho —> H* d Y,
Step 1 - Fix 'context’ X Step 4 - Statistical significance test
Step 2 - Pick candidate simplex Step 5 — Add simplex to complex K x

Step 3 - Coherent counterfactual ablation
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Coherent counterfactual ablation

Three pieces
e Coherent: keep structural equations intact (stay on neural manifold M).
e Counterfactual: 'what if a| p was different? P 4

e Ablation: a|p —0. a Xi)
CCA = path~:[0,1] — M, satisfying all three.

1. Fix z; € X with activation a(z;) € M c RN Y

2. Find tangent vector v € T,y M s.t. a(x;)|p
decreases.

3. Integrate to v(t) (flow equation 4(t) = v, ¥(0) = a(z;))

v

The pullback ~y|, quantifies the causal influence of P on the
probe neuron q. P=0
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Directed Simplicial Complexes from Neuron Activations

(X N\ 3\ 4 t=0 . 3\
N Ol
Xa B offe m
Xs Ho d
X3 . g - = YO
A m s
Xs 1 B [
N b, Y, _ Ho —> H* d Y,
Step 1 - Fix 'context’ X Step 4 - Statistical significance test
Step 2 - Pick candidate simplex Step 5 — Add simplex to complex K x

Step 3 - Coherent counterfactual ablation
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Step 4 Detail — Statistical Significance (Wilcoxon)

t=0 B
For probe neuron ¢ (and z; € X) D D%%D D
1. Compute change of activation Ag; () = (v:(¢t) — 7:(0))l4 T >
2. Perform Wilcoxon signed-rank test on {Agq; () }+,ex Mo 9
e Null Hypothesis: median Ag;(t) =0 t
e Rejectif p < a = 0.01 t=t" lY( )
3, ¢* = minft : p(t) < o} [l L/l
(earlier t* = more immediate influence) D D D D DD‘
, >
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Directed Simplicial Complexes from Neuron Activations

(X N\ 3\ 4 t=0 . 3\
N Ol
Xa B offe m
Xs Ho d
X3 . g - = YO
A m s
Xs 1 B [
N b, Y, _ Ho —> H* d Y,
Step 1 - Fix 'context’ X Step 4 - Statistical significance test
Step 2 - Pick candidate simplex Step 5 — Add simplex to complex K x

Step 3 - Coherent counterfactual ablation
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Example 1: Monosemantic Quadrant Classifier

e MLP Architecture2 -4 —4 — 4
(8 internal neurons)

e Weights +1, 0, no biases,
RelLU activation

e first layer neurons:
z>0,z<0,y<0,y>0

e second layer neurons:

Q1, Q2 Q3, Q4

Il-o

0.5

0.0

-0.5

I1.0

Representations of Distributed Representations of Features
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Example 1: Monosemantic Quadrant Classifier

e MLP Architecture2 -4 — 4 — 4 2
(8 internal neurons)

e Weights +1, 0, no biases,
RelLU activation 0

e first layer neurons:
z>0z<0,y<0,y>0

e second layer neurons: -

Q1, Q2 Q3, Q4
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Example 1: Monosemantic Quadrant Classifier

© Predicted Q1

©® Predicted Q27 o % [ °, o o 09 S o
° e

o Predicted3 ‘o ® ®, £ ode R 4

© Predicted Q4 b )
°

MLP Architecture 2 — 4 — 4 — 4
(8 internal neurons)

Weights £1, 0, no biases,
RelLU activation -

first layer neurons:
z>0z<0,y<0,y>0 =

second layer neurons:

Q1, Q2 Q3, Q4
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Example 1: Monosemantic Quadrant Classifier

31 = Q1 one-hot I Ly
= Q2 one-hot [ ™ Sn
= Q3 one-hot . = "

. 2| = Q4 one-hot | "
® MLP Architecture2 -4 — 4 — 4 o_n;_- . . o~ .
(8 internal neurons) 1 E P
Ll : [}
® Weights +1, 0, no biases, L R
RelU activation > Ot —_
e first layer neurons: (L ".,,_
z>0,z<0,y<0,y>0 -1 -::' ' ".-__
e l.. [
e second layer neurons: ot Y
-2 __.'- . .
Q1,Q2,Q3, Q4 P A l'---:.
_3 L .'=' L
-3 -2 -1 0 1 2 3
X
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Example 1: Monosemantic Quadrant Classifier

Directed Simplicial Complex for Q2 one-hot

anjen uopesiiy
anfen uonesiy

(8 internal neurons)

.\.: \

Directed Simplicial Complex for Q1 one-hot 25
°
. ®
MLP Architecture2 — 4 — 4 — 4
* Weights £1, 0, no biases, P4 PS
RelLU activation o o
e first layer neurons: Directe Smplcal Comple for Q3 onechot Directe Smplcal Complexfor Qa onechot
() ° ° °
z>0,z<0,y<0,y>0 a y
e second layer neurons: o —0 Py PY
1,Q2,Q3,Q4 K
QLQ2,Q3,Q o <
) ® ° ®
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Jaccard Matrix: All DSCs in Monosemantic Classifier 1.0
[GRERIN 0.00 000 0.00 012 022 005 000 0.03 0.00 ’
Q2 0.07 0.00 0.04 002 0.00 013 0.00 0.01
o q
MLP ArChIteCture 224244 Q3 0.07 003 001 0.00 000 032 002 0.10 0.8
(8 internal neurons) .
Q4 0.00 0.03 [ENN 0.00 001 004 001 0.08 0.09
[ WelghtS :l:l, O, no biaSeS, 01+Q2 004 001 0.00 018 0.02 001 002 0.00 O.Gé
q 5 c
ReLU activation Q1+0Q3 0.02 0.0 001 018 0.06 0.00 0.04 0.00 §
IS
° ﬂrs‘t |ayer neurons: Q1+Q4 0.00 0.00 0.04 0.02 0.06 0.00 018 0.02 0‘43
xT > O, T < 0, y < 0, Yy > 0 Q2+Q3 013 032 001 000 000 [ERGE 0.02 0.05
° SeCOﬂd |ayer neurons: Q2+Q4 0.00 0.02 0.02 0.04 018 0.02 0.06 0.05 0.2
Ql Q2 Q3 Q4 Q3+Q4 0.01 0.00 0.00 0.02 0.05 0.06 0.00
) ) )
Random 0.20 0.07 0.00 0.05 0.00
S N - NS SN~ N N 00
PO Qob
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Example 2: Polysemantic Quadrant Classifier

Polysemantic Quadrant Classifier

2.0
II.S
1.0
0.5
0.0

-0.5

-1.0

-2.0

e MLP Architecture2 -3 -4 — 4
(7 internal neurons)

® Weights +1, 0, one non-zero bias b,
Rel U activation

e first layer neurons:
z,y>0 z<y z,y<0

e second layer (approx.):
b<z+yb<y—xb<—(x+y),
x—y<b
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Example 2: Polysemantic Quadrant Classifier

® Predicted Q1
3 L] L]
® Predicted Q2% _ o o o 0 o o ')
°

o PredictedQ3 o 6 o e -, :' . ”‘.. ® '. °

® Predicted Q4" » ° . ‘ o g e
Misclassified ® o o 00,0 03, . .." Ve

oo

® MLP Architecture2 -3 -4 — 4
(7 internal neurons)

® Weights +1, 0, one non-zero bias b,
Rel U activation

e first layer neurons:
z,y >0 <y, x,y<0

e second layer (approx.):
b<z+yb<y—zb<—(x+y),
r—y<b
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Example 2: Polysemantic Quadrant Classifier

Directed Simplicial Complex for Class 0

o/.

Directed Simplicial Complex for Class 2

arfen uoneSiy

ariten uoneSi

Directed Simplicial Complex for Class 1

Directed Simplicial Complex for Class 3

arfien uonefiy

arten voneSiy

|
i

MLP Architecture2 —+ 3 — 4 — 4
(7 internal neurons)

Weights £1, 0, one non-zero bias b,
ReLU activation

first layer neurons:

z,y >0 x<y, x,y<0

second layer (approx.):
b<z4+yb<y—zb<
r—y<b

—(z+y)
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Example 2: Polysemantic Quadrant Classifier

Jaccard Matrix: All DSCs in Polysemantic Classifier

02

0.02 0.00 0.00 0.27 0.00 0.02 0.04
0.20 0.00 0.43 0.00 0.03
0.20 0.00 | 0.47 0.06 0.02
0.00 0.00 0.00 0.05 0.01
043 047 0.00 0.00 0.03

0.00 0.00
0.00 0.00
0.05 0.27
0.00 0.00
002
0.00 0.04
0.08 0.12
0.00 0.00

0.01

0.00 0.00 0.05 0.00 0.00

0.00 0.06 0.05 0.00 0.00
0.03 0.02 0.01 0.03 0.00

0.08 0.00
0.12 0.00
0.00
0.04 0.27
0.08 0.00
0.00  0.38
0.11 0.00

0.00 0.03

[} 0.04 0.08 0.00 0.11 D.Ooo.uz

0,27 0.00 ' 0.38 0.00 0.03

0.00 0.00 0.25 0.00 0.01 0.04 0.07 0.00

003

0.00

0.00

0.25

0.00

0.01

0.04

0.07

0.00

1.0

Jaccard Index

0.0

MLP Architecture2 —+ 3 — 4 — 4
(7 internal neurons)

Weights £1, 0, one non-zero bias b,
Rel U activation

first layer neurons:

z,y>0 z<y z,y<0

second layer (approx.):
b<z+yb<y—xb<—(x+y),
r—y<b
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Monosemantic vs Polysemantic Quadrant Classifier

[Monosemantic Classifier Neuron Activations for Q1 one-hot \
e — 3 Directed Simplicial Complex for Q1 one-hot 25

. e N Activati for Cl: 0
[Polysemantlc Classifier uron Adtivations for Class s )

Directed Simplicial Complex for Class 0

o o | °
° o "

N —» >,
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Example 3: MNIST Digit Classifier

MLP

e MLP Architecture
784 — 128 — 64 — 32 — 16 — 10
(240 internal neurons)

e trained to 97.6 % acc.

e |nput samples X;,i=0,...,9, of
20 ‘one-hottest’ inputs

e Calculated up to 2-simplices

e 7,700 1-simplices (=~ 10%) and
360,000 2-simplices (~ 1%)

UMAP Projection with One-Hot Encoded Points Highlighted

erme

swNnro

CoNown
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Example 3: MNIST Digit Classifier

MLP

e MLP Architecture
784 — 128 — 64 — 32 — 16 — 10
(240 internal neurons)

e trained to 97.6 % acc.

e |nput samples X;,¢=0,...,9, of
20 ‘one-hottest’ inputs

e Calculated up to 2-simplices

e 7,700 1-simplices (=~ 10%) and
360,000 2-simplices (~ 1%)

Jaccard Matrix: Two-hot vs One-hot

0.06 0.05 0.07 0.06 0.04 0.22

0.08 0.07 0.06 0.08 0.17 0.03

0.03 0.05 0.05 0.26 0.05 0.07

0.06 0.11 0.10 0.10 0.09 0.06

Jaccard Index
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Take-away
Directed simplicial complexes may represent distributed features over polysemantic neurons.

Next steps

directed topological invariants?

stability under weight perturbations?

algebra of feature composition and interactions?
e unsupervised dictionary learning?
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